Let R be a 2-torsion free prime ring, J a nonzero Jordan ideal of R and F be a generalized derivation associated with a nonzero derivation d.
Introduction
Throughout this paper, R will denote an associative ring with center Z(R). For any x, y ∈ R the symbol [x, y] will denote the commutator xy − yx; while the symbol x • y will stand for the anti-commutator xy + yx. R is 2-torsion free if whenever 2x = 0, with x ∈ R implies x = 0. R is prime if aRb = 0 implies a = 0 or b = 0. An additive subgroup J of R is said to be a Jordan ideal of R if u • r ∈ J, for all u ∈ J and r ∈ R. If J is a nonzero Jordan ideal of a ring R, then 2[R, R]J ⊆ J and 2J[R, R] ⊆ J [1, Lemma 2.4] . Moreover, from [2] (see the proof of Lemma 3) we have 4j 2 R ⊂ J and 4Rj 2 ⊂ J for all j ∈ J. 
Jordan ideals and generalized derivations
Replacing y by 2[r, uv]y and x by 2x 2 , where u, v ∈ J and r ∈ R, we get
Using the fact that 4(
Replacing y by 4yz 2 , where z ∈ J, we find that
In light of Fact 3, it follows that d(z 2 ) = 0 for all z ∈ J and [3, Lemma 3] forces d = 0, contradiction and therefore
Substituting 4yu 2 for y in (6), we obtain
Right multiplying equation (6) by u 2 , we find that
Employing Eqs. (7) and (8), we conclude that
In view of Fact 1, we get
Let 0 / = z ∈ J 1 ∩ Z(R) and replacing u by 2rz, where r ∈ R, we get
Accordingly, [4, main Theorem] assures that [R, R]d(R) = 0 in such a way that R is commutative.
Corollary 1 ([5, Theorem 2.1]). Let R be a 2-torsion free prime ring and I a nonzero ideal of R. If R admits a generalized derivation F associated with a nonzero derivation d satisfying F(xy) − xy ∈ Z(R) for all x, y ∈ I, then R is commutative.
Application of similar arguments yields the following:
Theorem 2. Let R be a 2-torsion free prime ring and J a nonzero Jordan ideal of R. If R admits a generalized derivation F associated with a nonzero derivation d satisfying F(xy) + xy ∈ Z(R)
for all x, y ∈ J, then R is commutative.
Theorem 3. Let R be a 2-torsion free prime ring and J a nonzero Jordan ideal of R. If R admits a generalized derivation F associated with a nonzero derivation d satisfying F(xy) − yx ∈ Z(R) for all x, y ∈ J, then R is commutative.
Proof. We are given that
We claim that J ∩ Z(R) / = 0, indeed suppose that J ∩ Z(R) = 0. Replacing x by 2x 2 and y by 2[r, uv]y in (12), where u, v ∈ J and r ∈ R, we get
for all u, v, x, y ∈ J, r ∈ R. Replacing y by 4yx 2 in (14), we find that
By view of Fact 3, it follows that d(x 2 ) = 0 for all x ∈ J and [3, Lemma 3] yields d = 0, contradiction. Consequently, J ∩ Z(R) / = 0. Replacing y by 4yu 2 in (12), where u ∈ J, we get
Substituting 4xu 2 for x in (16), we obtain
Right multiplication of Eq. (16) by u 2 gives
Subtracting (18) from (17), we obtain
Invoking Fact 1, we obtain
Replacing y by 4d(u 2 )y in (21), we arrive at
in such a way that Using similar approach we can prove the following result:
Theorem 4. Let R be a 2-torsion free prime ring and J a nonzero Jordan ideal of R. If R admits a generalized derivation F associated with a nonzero derivation d satisfying F(xy) + yx ∈ Z(R)
Theorem 5. Let R be a 2-torsion free prime ring and J a nonzero Jordan ideal of R. If R admits a generalized derivation F associated with a nonzero derivation d such that F(x)F(y) − xy ∈ Z(R) for all x, y ∈ J, then R is commutative.

Proof. Assume that Z(R) ∩ J = 0 and
Replacing y by 4y 2 [r, uv] in (25), where u, v ∈ J, r ∈ R, we get
It is easy to see that 8((F(x)F(y) − xy)[r, uv] + F(x)y
for all u, v, x, y ∈ J 1 , r ∈ R. Writing 4v 2 r instead of v in (27), we obtain
that is (29), where w ∈ J 1 , t ∈ R, we arrive at
Since d / = 0, then Fact 3 together with equation (30), yield
Replacing r by rt in the last expression we obtain
Since R is prime, then either 4F(x)y 2 = 0 or [t, F(x)y 2 ] = 0 in such a way that 4F(x)y 2 ∈ Z(R). As J ∩ Z(R) = 0, thus in both the cases we have F(x)y 2 = 0 for all x, y ∈ J 1 which implies that F = 0 and thus
then replacing y by 2yz = y • z we get
Replacing y by 2y[s, t] we get
In light of F / = 0, we conclude that R is commutative.
which leads to
Replacing x by 4xu 2 we get
Substituting 4d(u 2 )x for x we obtain
Once again using the primeness of R, the last equation assures that
Replacing u by 2rz = u • z, where r ∈ R, we get Proof. We are given
We claim that
r, s ∈ R. Since 2[r, x]y ∈ J and (r • x)y ∈ J, for all x, y ∈ J, r ∈ R, then it is easy to see
Writing ruv instead of r in (45), we get The following example demonstrates that our Theorems cannot be extended to semi-prime rings.
Example. Let R 1 be a noncommutative semi-prime ring, which admits a generalized derivation f associated with a nonzero derivation d and let R 2 be a commutative domain. If we set R = R 1 × R 2 and J = {0} × R 2 , then J is nonzero Jordan ideal of R. Moreover, if we define F : R −→ R by F(x, y) = (f(x), 0), then it is easy to verify that F is a generalized derivation associated with the derivation D defined by D(x, y) = (d(x), 0). Furthermore,
for all u, v ∈ J; but R is not commutative.
